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Abstract
In this article we prove, choosing an appropriately weighted L2-
energy equivalent to the classical energy, that the plane Couette and
Poiseuille flows are nonlinearly stable with respect to streamwise per-
turbations for any Reynolds number. In this case the coefficient of
time-decay of the energy is pi2/(2Re), and it is a bound from above
of the time-decay of streamwise perturbations of linearized equations.
We also prove that the plane Couette and Poiseuille flows are non-
linearly stable if the Reynolds number is less then ReOrr/ sinϕ when
the perturbation is a tilted perturbation, i.e. 2D perturbations with
wave vector which forms an angle ϕ ∈ [0, pi/2] with the direction i
of the motion. ReOrr is the Orr (1907) critical Reynolds number for
spanwise perturbations which, for the Couette flow is ReOrr = 177.22
and for the Poiseuille flow is ReOrr = 175.31.
In particular these results improve those obtained by Joseph (1966),
who found for streamwise perturbations a critical nonlinear value of
82.6 in the Couette case, and those obtained by Joseph and Carmi
(1969), who found the value 99.1 for plane Poiseuille flow for stream-
wise perturbations. The results we obtain here are, for any angle, in
a good agreement with the experiments (see Prigent et al. 2003) and
the numerical simulations (see Barckley and Tuckerman 2005, 2007).
2010 Mathematics Subject Classification: 76E05
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1 Introduction
The study of stability and instability of the classical laminar flows of an in-
compressible fluid has attracted the attention of many authors for more that
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150 years: Stokes, Taylor, Couette, Poiseuille, Kelvin, Reynolds, Lorentz,
Orr, Sommerfeld, Squire, Joseph, Busse and many others.
This problem is nowadays object of study (see, for instance, Deng and Mas-
moudi 2018, Bedrossian et al. 2017, Lan and Li 2013, Cherubini and De
Palma 2013, Liefvendahl and Kreiss 2002) because the transition from lam-
inar flows to instability, turbulence and chaos is not completely understood
and there are some discrepancies between the linear and nonlinear analysis
and the experiments (the so called Sommerfeld paradox 1908 ).
The classical results are the following:
a) plane Poiseuille flow is linearly unstable for Re > 5772 (Orszag 1971);
b) plane Couette flow and pipe Poiseuille flow are linearly stable for all
Reynolds numbers (Romanov 1973);
c) in laboratory experiments plane and pipe Poiseuille flows undergo transi-
tion to three-dimensional turbulence for Reynolds numbers on the order of
1000. In the case of plane Couette flow the lowest Reynolds numbers at which
turbulence can be produced and sustained has been shown to be between 300
and 400 both in the numerical simulations and in the experiments;
d) nonlinear asymptotic L2-energy-stability has been proved for Reynolds
numbers Re below some value ReE which is of the order 10
2. In particular
Joseph 1966 proved that ReE = ReE
y = 82.6 (and ReE
x = 177.22) for Couette
flow, and Joseph and Carmi 1969 proved that ReE = ReE
y = 99.1 (and
ReE
x = 175.31) for Poiseuille flow. Here and in what follows Rey refers
to streamwise (or longitudinal) perturbations, Rex refers to spanwise (or
transverse) perturbations.
The use of weighted L2-energy has been fruitful for studying nonlinear sta-
bility in fluid mechanics (see Straughan 2004). Rionero and Mulone (1991)
studied the non-linear stability of parallel shear flows with the Lyapunov
method in the (ideal) case of stress-free boundary conditions. By using a
weighted energy they proved that plane Couette flows and plane Poiseuille
flows are conditionally asymptotically stable for all Reynolds numbers.
Kaiser et al. (2005) wrote the velocity field in terms of poloidal, toroidal and
the mean field components. They used a generalized energy functional E
(with some coupling parameters chosen in an optimal way) for plane Couette
flow, providing conditional nonlinear stability for Reynolds numbers Re below
ReE = 177.22, which is larger than the ordinary energy stability limit. The
method allows the explicit calculation of so-called stability balls in the E-
norm; i.e., the system is stable with respect to any perturbation with E-norm
in this ball.
Kaiser and Mulone (2005) proved conditional nonlinear stability for arbitrary
plane parallel shear flows up to some value ReE which depends on the shear
profile. They used a generalized (weighted) functional E and proved that
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ReE turns out to be Re
x
E, the ordinary energy stability limit for perturbations
depending on x (spanwise perturbations). In the case of the experimentally
important profiles, viz. linear combinations of Couette and Poiseuille flow,
this number is at least 175.31, the value for pure Poiseuille flow. For Couette
flow it is at least 177.22.
Li and Lin (2011) and Lan and Li (2013) gave a contribution towards the
solution of the Sommerfeld paradox. They argue that even though the lin-
ear shear is linearly stable, slow orbits (also called quasi-steady states) in
arbitrarily small neighbourhoods of the linear shear can be linearly unsta-
ble. They observe: “The key is that in infinite dimensions, smallness in one
norm does not mean smallness in all norms”. Their study focuses upon a
sequence of 2D oscillatory shears which are the Couette linear shear plus
small amplitude and high spatial frequency sinusoidal shear perturbations.
Butler and Farrell (1992) observed that transition to turbulence in plane
channel flow occurs even for conditions under which modes of the linearized
dynamical system associated with the flow are stable. By using variational
methods they found linear three-dimensional perturbations that gain the
most energy in a given time period.
Cherubini and De Palma (2013) used a variational procedure to identify
nonlinear optimal disturbances in a Couette flow, defined as those initial
perturbations yielding the largest energy growth at a short target time T ,
for given Reynolds number Re and initial energy E0.
Recently, Bedrossian et al. (2017) studied Sobolev regularity disturbances to
the periodic, plane Couette flow in 3D incompressible Navier-Stokes equa-
tions at high Reynolds number Re with the goal to estimate the stability
threshold - the size of the largest ball around zero in a suitable Sobolev
space Hσ - such that all solutions remain close to Couette. In particular, they
proved the remarkable result: “initial data that satisfies ‖uin‖Hσ < δRe−3/2
and some σ > 9/2 depending only on σ is global in time, remains within
O(Re−1/2) of the Couette flow in L2 for all time, and converges to the class
of “2.5-dimensional” streamwise-independent solutions referred to as streaks
for times t & Re1/3”.
Prigent et al. (2003) made experiments at the CEA-Sanclay Centre to study,
by decreasing the Reynolds number, the reverse transition from the turbulent
to the laminar flow. At the beginning of their paper they wrote: “In spite of
more than a century of theoretical and experimental efforts, the transition
to turbulence in some basic hydrodynamical flows is still far from being
fully understood. This is especially true when linear and weakly nonlinear
analysis cannot be used.” The observed: “a continuous transition towards a
regular pattern made of periodically spaced, inclined stripes of well-defined
width and alternating turbulence strength ... For lower Re, a regular pattern
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is eventually reached after a transient during which domains, separated by
wandering fronts, compete. The oblique stripes have a wavelength of the
order of 50 times the gap. The pattern is stationary in the plane Couette
flow case...The pattern was observed for 340 < Re < 415 in the plane Couette
flow”.
Barkley and Tuckerman (2007) studied numerically a turbulent-laminar ban-
ded pattern in plane Couette flow which is statistically steady and is oriented
obliquely to the streamwise direction with a very large wavelength relative
to the gap. They said: “Regimes computed for a full range of angle and
Reynolds number in a tilted rectangular periodic computational domain are
presented ... The unusual but key feature of our study of turbulent-laminar
patterns is the use of simulation domains aligned with the pattern wavevector
and thus tilted relative to the streamwise-spanwise directions of the flow.”
For their numerical simulations they are guided by the experiments of Prigent
et al. (2003). In their numerical simulation the domain is oriented such that
“the streamwise direction is tilted at angle θ = 24◦ to the x-direction”. In
their Table 3 they, in particular, reported turbulent-laminar banded patterns
in plane Couette and plane Poiseuille flows. Parameters reported in Prigent
et al. (2003) and in other papers are converted to a uniform Reynolds num-
ber based on the average shear and half-gap. They show two columns that
correspond to the values at the minimum and maximum Reynolds number
reported. For plane Couette flow they found: Re = 340 for θ = 37◦, Re = 395
for θ = 25◦. For plane Poiseuille flow: Re = 438 for θ = 19◦, Re = 357 for
θ = 24◦.
The aim of this paper is to show that a weighted L2-energy can be intro-
duced to prove nonlinear stability with respect to streamwise perturbations
for any Reynolds number and nonlinear stability with respect to tilted pertur-
bations, which form an angle ϕ with the stream-direction (x-direction), for
any Reynolds number less than the critical number
ReOrr
sinϕ
, where ReOrr is the
Orr (1907) critical Reynolds number for spanwise perturbations (for the Cou-
ette and Poiseuille flows ReOrr = 177.22 and ReOrr = 175.31, respectively).
These results, in particular, confirm the results of Orr and improve those
obtained by Joseph (1966) and Joseph and Carmi (1969). Moreover, we note
that our results are in a good agreement with the experiments of Prigent et al.
(2003) and the numerical computations of Barkley and Tuckerman (2007).
The plan of the paper is the following. In Section 2 we recall the non-
dimensional perturbation equations of laminar flows in a channel and we
recall the classical linear stability/instability results. We study the linear
stability with the classical L2-energy and obtain the critical Reynolds num-
bers found by Orr (1907). In Section 3 we first study the nonlinear stability
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Figure 1: Laminar flows in a horizontal channel. The direction of motion is
that of x-axis. The direction of x′-axis forms an angle ϕ with the direction
of x-axis.
of the laminar flows with respect to streamwise perturbations and prove that
they are always stable, improving the results of Joseph (1966) and Joseph
and Carmi (1969). In Subsection 3.2, we study the nonlinear stability with
respect to tilted perturbations of an angle ϕ with respect to the direction
of the motion and prove that they are nonlinearly exponentially stable for
any Reynolds number less that
ReOrr
sinϕ
where ReOrr is the critical Reynolds
number for spanwise perturbations. The Section 3 ends with some remarks.
2 Laminar flows between two parallel planes
Consider, in a reference frame Oxyz, with unit vectors i, j,k, the layer
D = R2 × [−1
2
, 1
2
] of thickness 1 with horizontal coordinates x, y and ver-
tical coordinate z.
Plane parallel shear flows, solutions of the Navier-Stokes equations, are char-
acterized by the functional form
U =
f(z)0
0
 = f(z)i, (1)
where U is the velocity field. The function f(z) : [−1
2
, 1
2
]→ R is assumed to
be sufficiently smooth and is called the shear profile. All the variables are
written in a non-dimensional form.
In particular we have the well known profiles:
a) Couette f(z) = z,
b) Poiseuille f(z) = 1− 4z2.
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2.1 Perturbation equations
The perturbation equations to the plane parallel shear flows, in non-dimensional
form, are

ut = −u·∇u+ Re−1∆u− (fux + f ′w)− ∂p
∂x
vt = −u·∇v + Re−1∆v − fvx − ∂p
∂y
wt = −u·∇w + Re−1∆w − fwx − ∂p
∂z
∇ · u = 0,
(2)
where u = ui + vj + wk is the perturbation to the velocity field, p is the
perturbation to the pressure field and Re is a Reynolds number.
To system (2) we append the rigid boundary conditions
u(x, y,±1/2, t) = 0, (x, y, t) ∈ R2 × (0,+∞).
Definition 2.1. We define streamwise (or longitudinal) perturbations the
perturbations u, p which do not depend on x.
Definition 2.2. We define spanwise (or transverse) perturbations the per-
turbations u, p which do not depend on y.
We note that for spanwise perturbations either v → 0 exponentially fast as
t→∞ or v ≡ 0.
2.2 Linear stability/instability
Assume that both u and ∇p are x, y-periodic with periods a¯ and b¯ in the
x and y directions, respectively, with wave numbers (a¯, b¯) ∈ R2+ . In the
following it suffices therefore to consider functions over the periodicity cell
Ω = [0,
2pi
a¯
]× [0, 2pi
b¯
]× [−1
2
,
1
2
].
As basic function space we take L2(Ω). In the sequel ‖·‖ represents the norm
in L2(Ω).
We recall that the classical results of Romanov (1973) prove that Couette
flow is linearly stable for any Reynolds number. Instead, Poiseuille flow is
unstable for any Reynolds number bigger that 5772 (Orszag, 1971).
We observe that, in the linear case, the Squire theorem (1933) holds and the
most destabilizing perturbations are the spanwise bi-dimensional perturba-
tions (see Drazin and Reid 2004). The critical Reynolds value, for Poiseuille
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flow, can be obtained by solving the celebrated Orr-Sommerfeld equation
(see Drazin and Reid 2004).
We also note that if we study the linear stability with the Lyapunov method,
by using the classical energy
V (t) =
1
2
[‖u‖2 + ‖v‖2 + ‖w‖2],
we obtain sufficient conditions of linear stability.
By writing the energy identity
V˙ = −(f ′w, u)− Re−1[‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2], (3)
we have
V˙ = −(f ′w, u)− Re−1[‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2] =
=
( −(f ′w, u)
‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2 −
1
Re
)
‖∇u‖2 ≤
≤
(
1
R¯
− 1
Re
)
‖∇u‖2,
(4)
where
1
R¯
= max
S
−(f ′w, u)
‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2 , (5)
and S is the space of the kinematically admissible fields
S = {u, v, w ∈ H1(Ω), u = v = w = 0 on the boundaries,
ux + vy + wz = 0, ‖∇u‖+ ‖∇v‖+ ‖∇w‖ > 0},
(6)
and H1(Ω) is the Sobolev space of the functions which are in L2(Ω) together
with their first generalized derivatives.
The Euler-Lagrange equations of this maximum problem are given by
R¯(f ′wi + f ′uk)− 2∆u = ∇λ, (7)
where λ is a Lagrange multiplier.
Since, for spanwise perturbations, v ≡ 0 and ∂
∂y
≡ 0, by taking the third
component of the double-curl of (7) and by using the solenoidality condition
ux + wz = 0, we obtain the Orr equation (1907)
R¯
2
(f ′′wx + 2f ′wxz) + ∆∆w = 0. (8)
By solving this equation we obtain the Orr results: for Couette and Poiseuille
flows, we have ReOrr = R¯ = 177.22 (cf. Orr 1907 p. 128) and ReOrr = R¯ =
175.31 (cf. Drazin and Reid 2004 p. 163), respectively.
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3 Nonlinear stability
Nonlinear stability conditions have been obtained by Orr (1907) in a cele-
brated paper, by using the Reynolds energy method (see Orr 1907 p. 122).
Orr writes: “Analogy with other problems leads us to assume that disturbances
in two dimensions will be less stable than those in three; this view is confirmed
by the corresponding result in case viscosity is neglected”. He also says: “The
three-dimensioned case was attempted, but it proved too difficult”.
Orr considers spanwise perturbations (i.e. v ≡ 0 and ∂
∂y
≡ 0), the same
perturbations that are used in the linear case by using Squire transformation
(cf. Squire 1933, Drazin and Reid 2004).
The critical value he found, in the Couette Case, is Rex = 177.22, where Rex
is the critical Reynolds number with respect to spanwise perturbations (see
Orr 1907 p. 128, Joseph 1976 p. 181).
Joseph in his monograph (1976), pag. 181, says: “Orr’s assumption about
the form of the disturbance which increases at the smallest Re is not correct
since we shall see that the energy of an x-independent disturbance (streamwise
perturbations) can increase when Re > 2
√
1708 ' 82.65”.
Joseph also gives a Table of values of the principal eigenvalues (critical en-
ergy Reynolds numbers) which depend on a parameter τ which varies from
0 (streamwise perturbations) to 1 (spanwise perturbations) and concludes
that the value Re = 82.6, is the limit for energy stability when τ = a = 0
(streamwise perturbations), where a is the wave number in the x-direction.
However we prove here that the conclusion of Joseph is not correct. In fact,
another “weighted energy” (Lyapunov function) equivalent to the classical
L2-energy can be built that shows that the streamwise perturbations are al-
ways stable. Moreover, we prove that the critical Ryenolds number for nonlin-
ear stability with respect to “tilted perturbations” (perturbations with axes
parallel to a tilted x′-direction which form an angle ϕ with the x-direction)
are given by
ReOrr
sinϕ
.
This means that the results of Orr are correct both for linear (as we have
showed in Section 2) and nonlinear stability for 2D perturbations (local non-
linear stability results up to Orr results, are given in Kaiser et al. 2005, Kaiser
and Mulone 2005 where the poloidal, toroidal and the mean flow representa-
tion of solenoidal vectors has been used and a suitable weighted energy has
been introduced).
8
3.1 Streamwise perturbations
First we assume that the perturbations are streamwise, i.e. they do not
depend on x.
Therefore the perturbation equations become

ut = −u·∇u+ Re−1∆u− f ′w
vt = −u·∇v + Re−1∆v − ∂p
∂y
wt = −u·∇w + Re−1∆w − ∂p
∂z
vy + wz = 0.
(9)
We define a weighted energy (Lyapunov function) equivalent to the classical
energy norm and show that the streamwise perturbations cannot destabilize
the basic Couette or Poiseuille flows.
First we introduce an arbitrary positive number β. Then, we multiply (9)1
by βu and integrate over Ω. Besides, we multiply (9)2 and (9)3 by v and w
and integrate over Ω. By taking into account of the solenoidality of u, the
boundary conditions and the periodicity, we have
d
dt
[
β‖u‖2
2
] = −β(f ′w, u)− βRe−1‖∇u‖2
d
dt
[
‖v‖2 + ‖w‖2
2
] = −Re−1(‖∇v‖2 + ‖∇w)‖2
By using the arithmetic-geometric mean inequality, we have
−β(f ′w, u) ≤ βm
2
2
‖w‖2 + β 
2
‖u‖2,
where m = max[−1/2,1/2] |f ′(z)| and  is an arbitrary positive number.
Now we define the Lyapunov function (weighted energy norm)
E(t) =
1
2
[β‖u‖2 + ‖v‖2 + ‖w‖2], (10)
and choose  =
pi2
Re
. From the above inequality and the use of the Poincare´
inequality, we have
E˙ ≤ (βm
2Re
2pi2
− pi
2
Re
)‖w‖2 − pi
2
Re
‖v‖2 − β pi
2
2Re
‖u‖2,
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and
E˙ ≤ (βm
2Re
2pi2
− pi
2
Re
)‖w‖2 − pi
2
2Re
‖v‖2 − β pi
2
2Re
‖u‖2.
By choosing β =
pi4
m2Re2
, we finally have
E˙ ≤ − pi
2
Re
E.
Integrating this inequality, we have the exponential decay
E(t) ≤ E(0) exp{− pi
2
Re
t}. (11)
This inequality implies global nonlinear exponential stability of the basic
Couette or Poiseuille flows with respect to the streamwise perturbations for
any Reynolds number.
Therefore we have proved:
Theorem 3.1. Assuming the perturbations to the basic shear flows (1) are
streamwise, then we have nonlinear stability according to (11), with the en-
ergy E given by (10).
From this Theorem we have Rey = +∞, i.e., the streamwise perturbations
cannot destabilize the basic flows.
Remark 3.1. We note that this result is also in agreement with what ob-
served Reddy et al. (1998) for the greatest transient linear growth: “for
a given streamwise and spanwise wave number one can determine a distur-
bance, called an optimal, which yields the greatest transient linear growth.
In channel flows, the optimals which yield the most disturbance growth are
independent, or nearly independent, of the streamwise coordinate”.
Remark 3.2. We observe that the time-decay coefficient we find, pi2/(2Re),
is in agreement with the time-decay coefficient of longitudinal perturbations
of linearized equations, see Figure 2.
3.2 Tilted perturbations
Definition 3.1. We define tilted perturbations of an angle ϕ with the x-
direction the perturbations u, p along the x′ axis which do not depend on x′.
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Figure 2: Dashed curve represents the square root of the energy time decay
coefficient multiplied by Re (see (11)). The continuous line represents the
time decay coefficient of the most unstable streamwise linear perturbation
(u, p) as function of the wave number b
Here we prove that, for 2D perturbations, the most destabilizing perturba-
tions are the spanwise and the best stability results, in the energy norm, are
those obtained by Orr (1907). Therefore, the results given by Joseph (1966)
and by Joseph and Carmi (1969) are not the best because of a non optimal
choice of an energy function.
For this, we consider an arbitrary tilted perturbation which forms an angle
ϕ with the direction of motion i (the x-direction).
We have the following well-known relations
{
x′ = cosϕx+ sinϕy
y′ = − sinϕx+ cosϕy,

∂
∂x′
= cosϕ
∂
∂x
+ sinϕ
∂
∂y
∂
∂y′
= − sinϕ ∂
∂x
+ cosϕ
∂
∂y
.
(12)
Moreover
u = ui + vj + wk = u′i′ + v′j′ + wk,
with {
u′ = cosϕu+ sinϕv
v′ = − sinϕu+ cosϕv. (13)
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In the new variables, we have
∇′ = (cosϕ ∂
∂x′
− sinϕ ∂
∂y′
)i + (sinϕ
∂
∂x′
+ cosϕ
∂
∂y′
)j +
∂
∂z
k, ∆′ = ∆.
Consider the perturbations system (2):

ut = −u·∇u+ Re−1∆u− (fux + f ′w)− ∂p
∂x
vt = −u·∇v + Re−1∆v − fvx − ∂p
∂y
wt = −u·∇w + Re−1∆w − fwx − ∂p
∂z
∇ · u = 0.
(14)
Multiply (14)1 by cosϕ, (14)2 by sinϕ, and add the equations so obtained.
Besides, multiply (14)1 by − sinϕ, (14)2 by cosϕ, and add the equations so
obtained.
Then we have the new system

u′t = −u·∇u′ + Re−1∆u′ − (fu′x + f ′ cosϕw)−
∂p
∂x′
v′t = −u·∇v′ + Re−1∆v′ − fv′x + f ′ sinϕw −
∂p
∂y′
wt = −u·∇w + Re−1∆w − fwx − ∂p
∂z
∂u′
∂x′
+
∂v′
∂y′
+
∂w
∂z
= 0.
(15)
We note that when ϕ→ 0 then x′ → x, y′ → y, u′ → u, v′ → v.
Now we consider tilted perturbations in the x′-direction, i.e, those with
∂
∂x′
≡
0. The first equation of (15) becomes
u′t = −u·∇u′ + Re−1∆u′ − (fu′x + f ′ cosϕw). (16)
Proceedings as before, we have the energy equation
d
dt
[
β‖u′‖2
2
] = −β(f ′ cosϕu′, w)− βRe−1‖∇u′‖2, (17)
where β is an arbitrary positive number. Moreover, we have
d
dt
[
‖v′‖2 + ‖w‖2
2
] = −Re−1(‖∇v′‖2 + ‖∇w)‖2 + (f ′ sinϕv′, w). (18)
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We note that as ϕ → 0 the energy equations tend to the energy equations
obtained for the streamwise perturbations. Moreover, in the case
∂
∂x′
≡ 0,
if ϕ→ pi
2
, since y′ → −x, v′ → −u, x′ → y, ∂v
′
∂y′
→ ∂u
∂x
, the energy equation
(18) becomes that for spanwise perturbations.
Defining
H =
1
2
[‖v′‖2 + ‖w‖2], (19)
we have
H˙ = (f ′ sinϕv′, w)− Re−1[‖∇v′‖2 + ‖∇w‖2] ≤
≤
(
1
R¯
− 1
Re
)
[‖∇v′‖2 + ‖∇w‖2],
(20)
where
1
R¯
= max
S
(f ′ sinϕv′, w)
‖∇v′‖2 + ‖∇w‖2 , (21)
and S is the space of the kinematically admissible fields
S = {v′, w ∈ H1(Ω), v′ = w = 0 on the boundaries,
v′y′ + wz = 0, ‖∇v′‖+ ‖∇w‖ > 0}.
(22)
The Euler-Lagrange equations for this maximum problem are
R¯ sinϕ(f ′wj′ + f ′v′k) + 2(∆v′j′ + ∆wk) = ∇µ, (23)
where µ is a Lagrange multiplier. By taking the third component of the
double-curl of this equation, we have
R¯ sinϕ
2
(f ′′wy′ + f ′wy′z − f ′v′y′y′)−∆∆w = 0. (24)
Since, by solenoidality condition
∂v′
∂y′
= −∂w
∂z
, we obtain
R¯ sinϕ
2
(f ′′wy′ + 2f ′wy′z)−∆∆w = 0. (25)
By defining y˜ = −y′ the operator ∆ does not change and we have
R¯ sinϕ
2
(f ′′wy˜ + 2f ′wy˜z) + ∆∆w = 0. (26)
This equation coincides with the celebrated Orr equation if we substitute the
critical Reynolds number ReOrr in that equation with R¯ sinϕ. Thus we obtain
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as critical nonlinear Reynolds number for x′-independent perturbations the
critical value obtained by Orr divided by sinϕ.
In particular we note that for ϕ → pi
2
we obtain the critical Orr Reynolds
number for spanwise perturbations. For ϕ→ 0 we obtain, as we have showed
before, that the critical Reynolds number tends to +∞.
Now we have to prove that also the component u′ tends to zero as t → ∞.
For this, supposing that Re < R¯ and by using the Poincare´ inequality, we
have
H˙ ≤
(
1
R¯
− 1
Re
)
pi2 [‖v′‖2 + ‖w‖2] = −2rpi2H, (27)
where
r =
(
1
Re
− 1
R¯
)
.
By defining
E(t) =
1
2
[‖v′‖2 + ‖w‖2] + β‖u
′‖2
2
, β > 0. (28)
The energy equation is
E˙ = −βRe−1‖∇u′‖2 − β(f ′ cosϕu′, w)− Re−1(‖∇v′‖2 + ‖∇w‖2)+
+(f ′ sinϕv′, w).
(29)
We have the following estimate
E˙ ≤ −rpi2(‖v′‖2 + ‖w‖2) +mβ‖w‖‖u′‖ − βRe−1pi2‖u′‖2, (30)
where
m = max
[−1/2,1/2]
|f ′(z)| cosϕ. (31)
We first note that if ϕ = pi
2
, then the right hand side of the previous inequality
is always negative for r > 0. We consider the case of ϕ < pi
2
.
By arithmetic-geometric mean inequality, we have
mβ‖u′‖‖w‖ ≤ βm
2
2
‖w‖2 + β
2
‖u′‖2. (32)
Therefore
E˙ ≤ (βm
2
2
− rpi2)‖w‖2 − rpi2‖v′‖2 + β( 
2
− Re−1pi2)‖u′‖2. (33)
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By choosing  =
pi2
Re
and β =
rpi4
m2Re
, we obtain
E˙ ≤ −rpi
2
2
(‖w‖2 + ‖v′‖2 + β‖u′‖2) = −rpi2E (34)
Assuming Re < R¯, i.e., r > 0, we finally have
E(t) ≤ E(0)e−rpi2t. (35)
Therefore we have proved
Theorem 3.2. Assuming the perturbations to the basic shear flows (1) are
tilted of an angle ϕ, then we have nonlinear stability according to (35), with
the energy E given by (28).
For the sake of completeness, in Table 1 we report the critical Reynolds
numbers obtained, for Couette and Poiseuille flows, for some inclination angle
ϕ with respect to x-direction.
Remark 3.3. We note that the results we have obtained here continue to
hold for arbitrary plane parallel shear flows. For this it is sufficient to com-
pute the maximum m given by (31).
Remark 3.4. From Table 1, we see that, in Couette case, the critical values
of tilted perturbations nearest the experimental data are those in a neigh-
bourhood of 30◦ (roughly the interval ϕ ∈ [24◦, 40◦]). In the case of Poiseuille
flows, the critical values nearest to the experiments are those in a neighbour-
hood of ϕ = 10◦. In particular, in the numerical simulation of Barkley and
Tuckerman (2007) the domain is oriented such that “the streamwise direction
is tilted at angle θ = 24◦ to the x-direction”. As we have observed in the
Introduction, they found that the pattern is stationary in the plane Couette
flow case...The pattern was observed for 340 < Re < 415 in the plane Cou-
ette flow”. The critical Reynolds value given by Joseph (1976) for ϕ = 24◦
(in this case the value τ of Joseph is τ = 0.40) is Re = 88.57. Instead our
result gives the critical value Re = 435.71.
Remark 3.5. The method used here can be applied also to magnetohydro-
dynamics Couette and Hartmann shear flows. This will be done in a future
work.
Remark 3.6. We believe that the results obtained in the present paper make
a contribution to the solution of the Sommerfeld paradox.
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Inclination Couette Poiseuille
ϕ = 0◦ +∞ +∞
ϕ = 1◦ 10154.5 10045
ϕ = 3◦ 3386.2 3349.7
ϕ = 5◦ 2033.37 2011.46
ϕ = 10◦ 1020.57 1009.57
ϕ = 15◦ 684.72 677.35
ϕ = 20◦ 518.16 512.57
ϕ = 24◦ 435.71 431.02
ϕ = 30◦ 354.44 350.62
ϕ = 40◦ 275.71 272.73
ϕ = 50◦ 231.34 228.85
ϕ = 60◦ 204.64 202.43
ϕ = 70◦ 188.59 186.56
ϕ = 80◦ 179.95 178.01
ϕ = 90◦ 177.22 175.31
Table 1: Critical Reynolds numbers for 2D perturbations with respect to
tilted x′-perturbations which do not depend on x′, for different inclination
angles ϕ. The streamwise perturbations correspond to ϕ = 0◦, the spanwise
perturbations correspond to ϕ = 90◦.
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